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SUCCESSIVE DEFFERENTIATION
The nt" derivative.

For certain functions a general expression involving n may found for the nt"* derivative. The
usual plan is to find a number of successive derivatives, as many as may be necessary to

discover their law of formation and then by induction write down nt" derivative.

dy d?y 2 d"y
. — ax. — ax. — ax — n,ax
Examples: If y = e%*;then —=ae®——= =a%e™ ..—— =a"e™.

Standard results:

(1) If y = (ax + b)™, then D™(ax + b)™ = (—=1)"n!a™(ax + b) " L.

(2) If y = log(ax + b), theny, = (-1)" 1(n — 1)!'a"(ax + b) ™.

Solved Problems:

. 3
(1) Find Yn where y = m

Solution:

1

2x—1 x+1

Resolving into partial fractions, we obtain y =

2n+1 1
Thus Yn = (_1)nn| {(Zx—l)n"’l - (x+1)n+1}'

(2) Find y,, where y = —

(x-1)2(x+2)"

Solution:
x? A B C
Let (-D2(x+2)  x-1 = (x-1)2 = x+2°
Then we can easily find that A = g; B = g; C = g.

_ 5 nl(-)" 1 (n+DI(-D™ 4 c
Hence In = 5Gontt T3 D2 T 9 (xr)ntt

(3) Find y,, where y = ﬁ

a?’
. 1 1 1 1
Solution: Lety = = —[ - — ]
x2+a? 2ai lx—ai  x+ai
_ (=)™l 1 _ 1 ]
Then Yn = 2ai  lL(x—ad)?*l  (x+aid)n*til’
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Trignometrical Transformation.

Solved Problems:
(1) Find the n*" differential coefficient of cos x . cos 2x . cos 3x.

Solution:

Cosx.cos2x.cos3x = %cos 2x [cos 4x + cos 2x]

[cos 2x + cos 4x + cos 6x]

NN

=1
_4+

Hence D™ (cos x.cos 2x.cos 3x) =

%{2” cos (% + Zx) + 4™ cos (? + 4x) + 6™ cos (% + 6x)}.

(2) Find the n*" differential coefficient of cos®6.sin” 6.

Solution:
Let x = cos@ + isinH.then§= cos@ — isin@.

Therefore x + % = 2cos8 and x — i = 2isin#.

Hence by De Moivre’s Theorem, we have,
. 1
x™ = cosnf +isinnf & —

= cosnf — isinnd
so that x™ + xin = 2 cos n8 and

n

1 ..
Xt - = 2i sinn#.

n

Thus cos®6.sin” @ = =211 cos®> 6.sin’ O = sin 1260 — 2sin 106 — 4sin 86 +
10sin 68 + 5sin 48 — 20 sin 26.

D" (cos® 8.sin” 0) = — = {12" sin (= + 120) — 10™. 2 sin (2 + 108 —
8", 4 sin (”2—” + 89) +6".10 sin (% + 69) + 4" 5sin (”2—” + 49) — 2".20sin (nz—" + 29)}
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Leibnitz formula for the nt* derivative of a product:
Solved Problems:

(1) Find the n*" differential coefficients of x2 log x.

Solution:
Taking v = x? and u = log x,
n n-—1 d n-2 2
— 2 2
x%logx = o (log x)x?% + nc,y P (logx) PR e (log x) FRvEat

All the other terms will be zero and since the successive derivatives after the second
derivative vanish.

_ M (n—1)! in (=D 2%(n-2)! 2% + nn— D" 3(n - 3)!

xn xn—l xn—z

_CD o3,
xn-

D™ (x?logx)

(2) If y = sin(msin~1x), prove that (1 — x?)y, —xy; + m?y = 0and (1 — x?)y,4, —
2n + Dxynq + (M? —n?)y = 0.

Solution:
Taking the n" derivative of each term by Leibnitz theorem,

(1 = x*)Yni2 = NC1Yn41(=2%) + nC Y (=2) = Ypy1X + nC1yn — My,
=>(1- xz)yn+2 = 2nXYpe1 (M — D)yy = XYp4q + Yy — mZYn-

= (1 - xz)yn+2 - (27’1. + 1)xyn+1 + (mz - nz)y = 0.
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I. Curvature and Radius of Curvature:

(1) If a curve is defined by the parametric equation x = f(6) & y = ¢(8), then the curvature

1.1 ..

R
P (x"2+y'2)°/2
2,%/2
_ _ o 1+
(2) The cartesian formula for the radius of curvature is given by p = ~—7——.
dx?

(3) The radius of curvature when the curve is given in polar co-ordinates is given by
3
a2y
(@) |
dr\% _d?r
r2+(g5) ~Tge2

Solved Problems:

(1) What is the radius of curvature for the curve x2 + y? = 2 at the point (1,1)?

Solution:
Given: x2 + y% = 2.
Differentiating the above equation, we get 4x3 + 4y3 2 = 0.

dx
3

Therefore & = -

dx y

2 3 3dy_ .2

Differentiating this once again, _ijz, _ 3(a) d;4 %y)

. d_y _ dZy _
At the point (1,1), — =—land—5 = —6.

Hence p = ey 2

p= -6 37

2) Show that the radius of curvature at any point of the catenary y = cosh = is equal to the
c

length of the portion of the normal intercepted between the curve and the axis of x.

Solution:
Giveny = coshf

Differentiating the above equation, we get Z—z = sinh f

. .. . . d’y 1 x
Differentiating this once again, we get il cosh -
3
an2) /2
@)
d2y
dx?

{1 + (sinh %)2}

Hence p =

3/

1 X
=cosh=
c c



Unit I

=p+xmm§fh

1 X
=cosh=
c c

X
3
cosh

c

At any point (x,y),

1
2\/2 .
the normal = y{l + (Z—i’) } = ycoshf = YT

Therefore, Radius of curvature=Length of the normal.
(3) Prove that the radius of curvature at any point of the cycloid x = a(6 + sinf) and y =
a(1l —cos @) is 4a cos g.

Solution:
Givenx = a(6 +sin@) and y = a(1 — cos 6)

dx dy .
=>d—0=a(1+c050)&ﬁ= asin @
d2x _ d*y
:W= —asin @ &W= acos@

Substituting in the formula (1), we get,

1 B x/yn _ y/xn

P2 +y)’a

B a(1l+ cosB)acosf — asinf (—asin )

{a2(1 + cos8)? + a? sin? 9}3/2

a?(1+ cos8)

- a3{2(1 + cos 9)2}3/2
2 cos?9/,
o 3/,
a(4 cosze/z)
1 1 4 6
=>—= = p =4acos—.
P aq cos% 2

(4) Find p at the point "t" of the curve x = a(cost + tsint) and y = a(sint + t cost).
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Solution:
Given: x = a(cost + tsint) and y = a(sint + t cost).
dx dx )
=2 —=atcost& — = atsint =
dt dt
dy rant & d?y 3 1
dx MY e T ot
Thus
3/
dy 2 2
{1 + (ﬂ) }
Py
dx?
_a+ tan®t) 3
==
a cos3t

(5) Find the radius of curvature of the cardioid r = a(1 — cos 9).

Solution:
Givenr = a(1 — cos 8).

d . d?
ThenZ = asinf & &= = acos 6.
de de2

dry? 2
e+ (4]

_ 8a3 sin3 6’/2
6a? sin? 9/2

p:

4
_ 0
= zasin /2

2
= §v2ar.
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I. Centre of Curvature and Evolute:

Let the centre of curvature of the curve y = f(x) corresponding to the point P(x, y) be

X &Y. Then
1+y,°
X=x—y1( y1°)
J’22
+ )1
Y=y+
Y V2

The locus of the centre of curvature for a curve is called the evolute of the curve.

Solved Problems:

(1) Find the co-ordinates of the centre of curvature of the curve xy = 2 at the point (2,1).

Solution:
Given: xy = 2
Now
@ __2g
dx X
d’y 2
dx?  x3

d 1, d? 1
ARG =—; &Gz,

(15

ThUSX:2+f:3

i

Ro

NN

2

(+3)

L

=3

N -

Y=1+

N = +

(2) Show that the evolute of the cycloid x = a(6 — sin#) and y = a(1 — cos @) is another
cycloid.

Solution:
Givenx = a(0 + sinf) and y = a(1 — cos 0)

10 (1+ 0)& = in @
a CoS a sin
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(1+cos?9/,) cot%
1
4a sin* 9/2

=x+

= X =a(f —sinH).
6
2U
1+ cot 5
1

"~ 4asin® 6’/2

& Y=y+

=Y =a(l—-cos0).
Il. Maxima and Minima:
Definition:
If a continuous function increases upto a certain and then decreases, that value is

called a maximum value of the function. Similarly, If a continuous function decreases

upto a certain and then increases, that value is called a minimum value of the function.

Solved Problems:

1) Find the maxima and minima of the function 2x3 — 3x% — 36x + 10.
Solution:
Let f(x) = 2x3 —3x? —36x + 10
At the maximum or minimum, f’(x) = 0.
> f'x)=6(x—3)(x+2)=0=>x=3,-2

To distinguish between maximum or minimum, £ (x) = 6(2x — 1)

Whenx =3,f (x) =6(6 —1) =30 = f is positive.

When x = =2,f (x) = 6(—4 — 1) = =30 = [ is negative.

Thus x = 3 gives minimum and x = —2 gives maximum.
Maximum value f(—2) = 54.
Minimum value f(3) = —71.

2) Show that the least value of a? sec? x + b? cosec? x is (a + b)2.
Solution:
Let f(x) = a? sec? x + b? cosec? x

a? sin* x — b? cos* x

=>f'(x) =2

cos3 x sin3 x
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At the maximum or minimum, f'(x) = 0.

8sin* x cos* x (a? sin* x + b? cos* x)

& f'(x) =

R = +ve expression.
cos® x sin® x

= a?sin* x + b? cos* x = 0 gives a minimum.

5 b
> tan“x = —.
a

The least value of f(x) is given when tan? x = Z.
f(x) = a?sin? x + b? cos? x
b a
— 2 _ 2 ) — 2
_— <1+a)+b (1+b)—(a+b) .

3) The greatest value of ax + by where x & y are positive and x? + xy + y% = 3k? is
2kva? — ab + b2.
Solution:

Let u = ax + by.

. . .. d d2y .
u attains a maximum or a minimum when ﬁ =0& ﬁ IS —Vve or +ve.

¥ _«
Now a + b = 0 1)
x? + xy + y? = 3k2.
Differentiating the above equation, (2x + y) + (x + 2y) Z—z =0 - 2
Equating the two values of Z—i’, we get —% =— 32:;33:

a—-2b
b—-2a

Differentiating equation (2) once again, we get

Solving fory, y =

2

d<y

a2 =Y

dy (dy
d dx

2
2+2—x+2 —) + (x + 2y)

Substituting the values of Z—z and y from (1) and (3), we get,

d’y 2a*—ab+b*b—2a
dx? 3 b? x

d%y . . .
Tz IS negative for a maximum.
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b-2a . . a’—ab+b? .
—— Is—ve since ———— IS tVe.
X b

x4+ xy +y? = 3k2.
Substituting the value for y from (3), we get,

xvVa? —ab + b* = —k(b — 2a).

We take the negative sign, since b‘% is —ve.

b(a — 2b)

ax+by=ax+mx

X

— 2 _ 2
=—-2(a ab+b)b_2a

= 2k+/a? — ab + b2.
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Hyperbolic Functions:

If 6 is expressed is radians, cos € and sin 8 can be expanded in powers of 4, the

results being

0%z 6* 0°
c050—1—§+4! a+
03 6> 07
sinf =6 — §+§—ﬁ+"'00
feX =1+ 454 tSqie e (1)
1! 2! n!
Putx = i6 inthe(l).Then
n! 1! 2!
02 94 96 93 95 07
=(1—E-FZ—E'F”'OO)'FL'(Q——‘FE—?-F 00>=c059+isin9.

= e? = cosh + isinb.

This is known as Euler’s formula.

Similarly, put x = —i@ in the (1). Then e~ = cos @ — i sin 6.

Note:
elf4o—if
(1) cosb = -
elb_o—if
(2) sin@ = ”
(3) coshx = exze_x
(4) sinhx = ex_ze_x.
__sinhx
(5) tanhx = e
1
(6) sechx = T
(7) cosechx = P
1
(8) cothx = p——

(1) cosh? x — sinh? x = i{(ex + e )2 — (e*

(2) 2 sinhx coshx = 2.(

. Relations between Hyperbolic functions:

e*—e

=).(2) -

—e )2} =1.

sinh x.
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(3) cosh? x + sinh? x = cosh 2x.

(4) cosh 2x = 2 cosh? x — 1.

(5) cosh2x = 1 + sinh? x.

(6) cosh? x = %(cosh 2x + 1).

(7) sinh? x = %(cosh 2x — 1).

(8) The series for sinh x and cosh x are derived below:
x? x"

X
X — —_ J— N
e =14t rdd oo

w_q X x?
TR TR
. _ x3 x5
Subtracting e¥ — e™* = 2(""'5"'3"’ oo)
b = x3 x5
= sin x—x+§+§+---oo

2 4
Adding e* + e™ == 2 (1 +X 4 4 oo)
20 4l

= coshx =1 +§+Z—T+ s 00
(9) Consider sin? 6 + cos?0 = 1. Put 8 = ix.
sin? ix + cos?ix = 1
= (isinh x)? + (coshx)? = 1 = cosh? x — sinh? x = 1.
(10) Consider cos 20 = cos? 8 — sin? @
Put & = ix. Then
cos 2ix = cos? ix — sin? ix = (cosh x)? — (i sinh x)? = cosh? x + sinh? x.
(11) Consider sin 26 = 2sin6.cos 8
Put & = ix. Then
sin 2ix = 2sinix.cosix = i sinh 2x = 2i sinh x cosh x
= sinh 2x = 2 sinh x cosh x.
(12) Consider 1 + tan? 6 = sec? 0
Put & = ix. Then

1+ tan? ix = sec? ix = 1 + (i tanh? x) = sech? x

I11. Inverse Hyperbolic Functions:

We can express sinh™! x, cosh™! x, tanh~1 x in terms of the logarithmic functions:
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(1) y = sinh™ x. Then x = sinhy

ey_e_y
T=x=>e2y—1=2xe3’=>e23’—2xe3’—1=0.
2x +V4x2 + 4
= eY¥ = =Xivx2+1

2
Since e¥ is positive e¥ = x + Vx? + 1.

Taking logarithms to the base “e”” on both sides, we have,
y = log, (xi x2+1)

sinh~!'x = log, (x +/x%2 + 1).

(2) y = cosh™' x. Then x = coshy
e¥ +e™”
2

>eY=xtJx2—-1=x+Jx2—1orx—+x2-1
Thus y = loge(x + VxZ — 1) ory = loge(x — Vx2 — 1).
The positive sign is usually taken.

Hence y cosh™! x. = log.(x + Vx2 — 1).

=x=>e?Y —-1=2xeYy =>e? —2xe¥ —1=0.

(3) y = tanh™1x. Then x = tanhy.

ey_e_y
mzx::»ey—e‘yzx(ey+e‘y):>ey(1—x)=e‘y(1+x)
2y 14+x 5 l (1+x> 1l (1+x)
= = = = = = —

1+x>

1
tanh™1x = =1 ( )
= tan X 08, 1—»

2

Solved Problems:

(1) IftanA = tana tan 8, tan B = cot a tanh f3, then prove that
tan(A + B) = sinh 2 cos 2a.
Solution:

Given: tanA = tana tan 8 ,tan B = cota tanh 8

tanA+tanB __ tanatanfB+cotatanhf _ tanhf(tana+cota)
1-tanAtanB 1—-tan a tan B.cota tanh 8 1-tanhZ2 g

Now tan(4 + B) =

sinh S cosh sina cos«a sinh . cosh
B k ( + ) = P p = sinh 2. cosec 2a.

cosh? f —sinh? x \cosa = sina sina.cosa
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(2) If cos(x + iy) = cos 8 + isin 6, then prove that cos 2x + cosh 2y = 2.

Solution:

Given: cos 8 + isin @ = cos(x + iy) = cos x cos(iy) — sin x sin(iy)
=1icosxcosy—isinxsiny

Equating the real and imaginary parts, we have,
cos @ = cosxcoshy &sinf = —sinx sinhy.

Squaring and adding,

cos? x cosh? y + sin? x sinh? y = 1 = cos? x cosh? y + (1 — cos? x) sinh?y = 1

= cos? x (cosh? y — sinh? x) sinh? y = 1 = cos? x + sinh?y = 1

14+ cos2x cosh2y—1
= > + > =1 = cos2x + cosh2y = 2.

(3) Separate into real and imaginary parts tanh(1 + i).
Solution:
tan ix = itanh x
Putx =1+1.
tanh(1 +i) =tan1(1 + i) = tan(i — 1).
sin(i — 1) 2 cos(i + 1) sin(i — 1) B sin(2i) — sin 2
cos(i—1) 2cos(i+1)cos(i—1) cos(2i) + cos2

= itanh(1 +1i) =

i sinh 2 — sin 2 tanh(1 + 1) sinh2 +isin 2
= = tan i)= .
cosh 2 + cos 2 cosh 2 + cos 2
. _ . u _ sin 2x
(4) If tan(x + iy) = u + iv, then prove that > = smhzy
Solution:
tan(x 4 iy) __ sin(x+iy) _ 2cos(x—iy)sin(x+iy) _ sin2x+isinh2y

cos(x+iy) T2 cos(x—iy) cos(x+iy) " cos2x+cosh 2y

This expression is given as u + iv

sin 2x sinh 2 u sin 2x
ThUSHZ—&UZ—y:’—: - .
cos 2x+cosh 2y cos 2x+cosh 2y v sinh 2y
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Summation of Trignometrical Series

I. Method of difference
When the rt* term of a trignometrical series can be expressed as the difference of two

quantities, one of which is the same function of r as the other is of r 4+ 1, the sum of the

series may be found as illustrated in the following examples:

Solved Problems:

(1) Find the sum of the series cosec 8 + cosec 26 + cosec 226 ...+ cosec 2" 716.

Solution:

We have the identity cosec 8 = cot%@ — coté.

Similarly cosec 26 = cotf — cot 26

cosec 226 = cot@ — cot 220

cosec 2™ 19 = cot2™ %0 — cot 210

By addition, the required sum = cot%@ —cot2™719

X

— X —
+ tan™?! -+ -+ tant ————.
1+2.3x 1+n(n+1)x

(2) Find the sum of the series tan™* ——
1+1.2x

Solution:
X

— -1
Here T, = tan D

-1 (r+Dx-rx
1+7r(r+1)x2

= tan
T, = tan"1(r + 1)x — tan" ! rx.
Putting r = 1,2,3, ..., n, we have
T, = tan"!2x — tan~ 1 x.
T, = tan"! 3x — tan™? 2x.

T; = tan"! 4x — tan™? 3x.

T, = tan"'(n+ 1)x — tan™ ! nx.

By addition, S, =tan"!(n+ 1)x — tan™! x.
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Il. Sum of the series of n anglesin A. P

Solved Problems:

(1) Find the sum of the series cos? x+cos?(x + y) + cos?(x + 2y) + --- +up to n terms.
Solution:

Since cos?x = %(1 + cos 2x); cos?(x + y) = %(1 + cos(2x + 2y)) ... etc.

1 1 N 1
S, = 5(1 + cos2x) + 5(1 + cos(2x + 2y)) + - + 5(1 + cos(2x + 2n — 1)y))

n 1 1
=3 + 3 (cos2x + cos(2x + 2y)) + -+ + 5(1 + cos(2x + (2n — 1)y))

n 1sinny

=—4—= 1 2 2n—1 .
2+25iny( + cos(2x + (2n — 1)y))

(2) Find the sum of the series cosh? x+cosh?(x + y) + cosh?(x + 2y) + --- +up to n terms.
Solution:

cosh(if) = cosh 6.
S, = cosix + cosi(x +y) + cosi(x + 2y) + -
= cosa + cosi(a + B) + cosi(a + 2) + --- to n terms where

a=ixand g =iy

_ cos (x +nT_1,8) sin% B cos (ix +n2;1iy) sinnzﬂ B cos (ix + n%ly) sinﬂ

2
sin g sin % sin % |
I11. Gregory’s Series

3 5
To prove that, if 6 lies between + 7, 6 = tan 6 — tar; °+ tans o_ ..

e® =cosO +isinf = cosO (1 +itanh).
Taking log on both the sides,

i2 2 i3 3
160 = logcos 8 + log(1 + itan0) =logcos@+itan9—L tazn 041 tazn ..

As |itan 8] = |tan 8] < 1 since 0 lies between i%.

, , , tan?0 itan3@
160 = logcosf +log(l+itanf) =logcosf +itanf — > T T T
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Equating the imaginary parts,

0 = tan tan39+tan59
= tan 3 5

Corollary:1

The above series can be transformed by putting tan 8 = x so that x is numerically not

3 5
greater than 1. Then tan™* x = x — “~+ - — - where tan™" x lies between + 7.

Corollary:2
More generally, if 6 lies between nm — = and nz + =, when n is an integer, then

tan3 6 tan® @ .
5

0 —nm =tanf —

Put 8 = nm + ¢, then @ lies between +

SE]

Arguing as before,

tan3 tan®
(p _I_ (p —_— eee
3 5

@ =tan@ —

3 5
Substituting ¢ = nm — 0,0 —nm =tan @ — % + ta‘; 4

Corollary:3 Value of m.

3 5
Putting x = lintan1x = x-%+"?_

+1 —1 (1 1) (1 1)
9" 3 5 7 9

assuming that the series can be arranged.

=1 (59)+ (7))

This series can be used to calculate z. But the defeat with this that successiveterms do not

ul| =
N -

n_l 1+
4 3

decrease rapidly. Hence a large number of terms in the above expansion have to be taken

to obtain a fairly accurate value of .



